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Abstract
We examine the unitarity triangle of the KM matrix by using the general quark
mass matrices on the NNI basis. The Fritzsch anzatz is modied by introducing
four additional parameters. The KM matrix elements are expressed in terms of
quark mass ratios, two phases and four additional parameters. It is found that the
vertex of the unitarity triangle is predicted to be almost in the second quadrant on




















One of the most important unsolved problems of the avor physics is the un-
derstanding of the avor mixing and the fermion masses, which are free parameters
in the standard model. The observed values of those mixing and masses provide
us clues of the origin of the fermion mass matrices. The one of the most strict
method for the consideration of quark mass matrices is an examination of the so
called unitarity triangle of the Kobayashi-Maskawa(KM) matrix[1]. At present,
the unitarity triangle in the    plane[2] is determined by the experimental data
of B ! X`
`







However, the experimental allowed region is too wide to determine the point of the
vertex in the    plane. The unitarity triangle is expected to be determined pre-
cisely in B-factory at KEK and SLAC in the near future. On the other hand, one
needs experimental information of six quark masses to give reliable estimate of the
KM matrix elements in the quark mass matrix models. The recent discovery of the
top quark[3,4] provides us the chance of the precise study of quark mass matrices.
Thus, we are now in the epoch to examine quark mass matrices by focusing on the
unitarity triangle.
In this paper, we study the unitarity triangle of the KM matrix by using the
quark mass matrices on the nearest-neighbor interactions(NNI) basis[5]. Any up-
and down- 3 3 quark mass matrices can be always transformed to this basis by a
weak-basis transformation. We present general discussions of the unitarity triangle
in context with quark mass matrices on the NNI basis. It is likely that the vertex
of the unitarity triangle almost comes on the second quadrant of the    plane.
In x2, we give the expression of the KMmatrix from general quark mass matrices
on the NNI basis. The KM matrix elements are expressed in terms of quark mass
ratios, two phases and four additional parameters that stand for the discrepancy
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from the Fritzsch ansatze[6]. We show the vertex of the unitarity triangle on the
   plane in relation to parameters of the quark mass matrices in x3. Summary
is given in x4.
x2. Quark mass matrix on the NNI basis and KM matrix
As presented by Branco, Lavoura and Mota, both up and down quark mass
matrices could be always transformed to the non-Hermitian matrices on the NNI
basis by a weak-basis transformation for the three and four generation cases[5]. In
this basis, the KM matrix elements are expressed generally in terms of mass matrix
parameters due to eight texture zeros. In particular, phases of the mass matrices
can be isolated easily as shown later. The famous Fritzsch ansatze is the special
one of the NNI basis. Therefore, the discrepancy from the Fritzsch ansatze can be
estimated simply on this basis. We begin with discussing the general quark mass














































are dened as unitarity matrices





























































































On the NNI basis, we can extract phases from each quark mass matrix by use of





















































































































































































as far as m
t
 100GeV. Now this simplest ansatze has been ruled out since the
top-quark mass is found to be larger than 160GeV[3,4]. On the other hand, another
4










































































































Although this ansatze overcomes the fault of the Fritzsch ansatze, it cannot repro-




j. So if we describe the unitarity triangle by
use of the ansatze by Branco et al., the vertex of the triangle is plotted outside of
the experimental allowed region on the     plane, as shown in Fig.1. Here, in
order to describe the experimental allowed region, we use the following data[8,9],
B
K







= 0:08  0:02; (15)
x
d
= 0:19  0:01: (16)
Therefore we should consider more general matrices in order to examine the
unitarity triangle. We adopt a weak hypothesis: the generation hierarchy of the








































































where x, y, z and w are parameters that stand for discrepancies from the Fritzsch
mass matrix. Because of the hierarchy of mass matrix elements, we may restrict
the parameter region:
0:1  x; y; z; w  10: (19)
We comment on the number of parameters. There are twelve parameters in the
mass matrices. Since the number of the physical parameters are ten(six masses and
four KM mixing parameters), the basis in Eq.(18) is general one. In order to give
predictions, one needs some assumption on the parameters of the mass matrices.
In order to obtain the elements of O
u(d)







in terms of quark masses from eigenvalue equations of H
u(d)
. For example,


















































































































































































































































































































































































The matrix elements for O
d









and higher order corrections. Thus the KM matrix ele-
ments are expressible in terms of quark mass ratios, two phases and four additional

























































































































































































































































x3. Unitarity Triangle and Quark Mass Matrix Parameters
In order to estimate the absolute values of KM matrix elements jV
ij
j, we must
know the values of the masses of six quarks on a same energy scale. Following the
recent study by Koide[10], we obtain the values of quark masses at 1GeV by use
of the 2-loop renormalization group equation:
m
u
= 0:0056  0:011 ; m
d
= 0:0099  0:0011 ; m
s
= 0:199  0:033 ;
m
c
= 1:316  0:024 ; m
b
= 5:934  0:101 ; m
t





Now we can estimate of KM matrix elements. At rst, we set z = w = 1, which
corresponds to the Fritzsch ansatze for the rst- and second-generation mixing sec-
tor since this ansatze works well for jV
us
j. It is remarked that the following results
8



















KM matrix elements in Eq.(39) are expressed generally.











use two observed values[9],
jV
cd
j = 0:2196  0:0018 ; jV
cb
j = 0:040  0:005 (47)
as input parameters. In the numerical analyses, we use the center values of these
experimental data. The ambiguity of our predictions due to experimental errors is
rather small. For given values of x and q, we can obtain the value of parameter y
by use of Eq.(43). In order to reproduce jV
cb
j, we cannot set x = y = 1, that means
the unsuccess of the Fritzsch ansatze. In Fig.2, the allowed lines for jV
cb
j are shown
on the x   y plane in the case of q = 0. We nd that the phase q is restricted to
 60

 q  60

due to the condition 0:1  y  10. Furthermore, we obtain the
value of the phase p from Eq.(41). Since p is a real number, the value of x is also
restricted for each value of q such as the following examples:
q = 60

: 2:0  x  10;
q = 30

: 1:0  x  10;
q = 0

: 0:1  x  10:
Thus if x and q are xed, we can calculate the KM matrix elements.
Let us present the unitarity triangle. If the phase q is xed, the vertex of the
triangle moves on the   plain according to the change of parameter x. We show
the changes of the vertices by the dotted lines for xed value of q. Fig.3 shows














. It is found that
the triangle vertex is sensitive to the value of x in the x  1 region, but insensitive
to x in the large x region. If  60

 q  17

, a part of the dotted line comes
9
into the experimental allowed region on the    plane. The triangle vertices are





and x is small, the triangle vertex is in the experimental
allowed region on the rst quadrant. The regions of x that the vertex comes on
the rst quadrant are shown for each q value in the Table 1. It is emphasized that
the vertex of the unitarity triangle is almost on the second quadrant of the    



















Next, we consider the cases of z = w 6= 1. Due to the condition that p is a real
number, z = w  1:3 is restricted. In the region of 1  z = w  1:3, each line
of Fig.3 moves down to the right side . So, in these cases, the predicted region of
the vertex in the rst quadrant, becomes wider than the case of z = w = 1. While
in the region of z = w  1, the each line of Fig.3 moves up to the left side. The
triangle vertices never come in the allowed region on the rst quadrant in the case
of z = w  0:9. Fig.4 and 5 show the cases of z = w = 1:3 and z = w = 0:7,
respectively. Thus, we conclude that the vertex of the unitarity triangle almost
appears in the second quadrant on    plane as far as z = w is assumed.
What is the condition that the vertex of the unitarity triangle appears in the































, the magnitude of V
td
is expected to be larger than
the one of V
ub
for the case of x  y and w  z. This fact suggests us that conditions
w > 1 and z < 1 are necessary in order to move the vertex of the unitarity triangle
into the rst quadrant on     plane. Actually, we get the vertex in the rst
quadrant on    plane for some cases of w > 1 and z < 1. For example, we show
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are taken. Then, V
us
is not any longer expressed as in the simple form in
Eq.(9).
x4. Summary
In this paper, we examine the unitarity triangle by using the general quark mass
matrices on the NNI basis. For quark mass matrices, we introduce four additional
parameters x, y, z and w, which are restricted 0:1  x; y; z; w  10 due to the
assumed generation hierarchy. Then the KM matrix elements are written in terms
of quark mass ratios, two phases and four parameters. In the case of z = w, the
vertex of the unitarity triangle almost comes on the second quadrant of the    
plane as shown in Fig.3, 4 and 5. If the vertex of the unitarity triangle is determined
in the neighborhood of the vertex of Fig.6 at B-factory, we we cannot set z = w. In


















will be ruled out. Thus, the determination of the unitarity triangle gives impact
on the study of the quark mass matrix model.
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Table Caption
Tab.1 : The allowed region of x, in which the vertex of the unitarity triangle is
in the rst quadrant of the    plane.
Figure Captions
Fig.1 : The unitarity triangle in the ansatze by Branco et al..
Fig.2 : The relation between x and y at q = 0

. The solid line is the case of
jV
cb
j = 0:040. The upper (lower) dashed line is the case of jV
cb




Fig.3 : The vertices of the unitarity triangle in the case of z = w = 1. Each



















lines correspond to x = 0:1,
0.2, 0.4, 0.6, 0.8, 1.0, 2.0, 4.0, 6.0, 8.0, 10.0 in order from the right hand side. The
dots of q = 30

lines correspond to x = 1:0, 2.0, 3.0, 4.0, 5.0, 6.0, 7.0, 8.0, 9.0,
10.0 in order from the right hand side. The dots of q = 60

lines correspond to
x = 4:0, 5.0, 6.0, 7.0, 8.0, 9.0, 10.0 in order from the right hand side.
Fig.4 : The vertices of the unitarity triangle in the case of z = w = 1:3. Each














Fig.5 : The vertices of the unitarity triangle in the case of z = w = 0:7. Each
















Fig.6 : One case in which the vertex of the unitarity triangle comes on the
center of the rst quadrant of the    plane.
13
Tab.1
values of phase q regions of x
q =  3

x  0:101
q = 0

x  0:108
q = 5

x  0:12
q = 7

x  0:14
q = 10

x  0:18
q = 12

x  0:21
q = 14

x  0:25
q = 16

x  0:31
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